Develop an accurate and reliable range-dependent propagation model for propagation in an ocean overlying an elastic bottom based on coupled mode theory.
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In the above, and T are the local eigenfunctions corresponding to the components of the displacement vector and the stress tensor, respectively. Substituting the above expansion into the equations of motion,
integrating them along the depth of the waveguide, and applying the boundary conditions of continuity of the normal components of the stress tensor and the displacement vector, results in a differential equation for the mode amplitudes:
In the above equation are the local eigenvalues and is the mode-coupling matrix, which is a function modes, their depth derivatives and the slope of the interface, evaluated on the two sides of the interface. The interested reader may refer to [1] for a mathematical expression for
A mn . We refer to the expression given by Equation (3) as the coupled mode engine. This equation uses the local modes and the mode-coupling matrix to compute the mode amplitudes as a function of range, which are used in Equation (1) to obtain the field in the waveguide.
To be able to test the coupled mode engine, it was sufficient to apply it to the simplest rangedependent environment. However, to be able to compute the field accurately using the above model, it is important that not only a complete set of modes are computed accurately, but also the mode number by which they are identified remains consistent as the field propagates through the waveguide. We decided to apply this model to the elastic version of the wedge problem used by Jensen and Kuperman [3] . In this problem, the ocean environment is composed of an isovelocity water layer over an isovelocity elastic bottom. For this environment the modes can be computed analytically, where it is easier to make sure that the computed modes satisfy the requirements imposed by Equation (3) . The equations for the compressional and shear potentials in each layer are given in Equation (4), where is the water depth. The unknown coefficients in these equations are determined by applying the boundary conditions at the top and bottom surfaces and in the interface. The roots of the determinant of the resulting equation give the eigenvalues, k. The components of the displacement and stress tensor are computed from the potentials according to Equation (5) .
[ ]
Inclusion of attenuation in the problem causes the sound speeds to become complex, resulting in a complex determinant. Determination of the eigenvalues in this case requires searching the complex kplane, which is not always reliable. For this reason in ocean acoustics it is common to solve the eigenvalue problem for the real part of the eigenvalues for the case with no attenuation and then use perturbation theory to find the complex part of the eigenvalues due to attenuation [4] . This gives a real determinant, which simplifies the problem since the eigenvalues can be found by performing a onedimensional search along the real k-axis.
This eigenvalue formulation fulfills the requirement of providing a complete set of modes for all water depths. However, as will be seen in the Results section, the use of perturbation theory to determine the complex part of the eigenvalues is not accurate when the bottom is elastic, which results in errors in the computed field values. We therefore had to include attenuation in the problem, but find a method of solving the complex eigensystem, which did not rely on searching the complex k-plane. We determined that the best way to do this was to use the finite difference technique to solve the eigenvalue equations for the two-layer problem. This method also has the advantage of being able to solve the eigensystem in a waveguide with variable sound speed and density. In the water, we use the finite difference technique to solve the depth-separated wave equation for the pressure,
and in the elastic bottom we use the same technique to solve the coupled equations for the vertical and horizontal displacement [Tromp] ,
In the above equations, k = ω /c w , μ = ρc s B ⋅ x , which can be solved using any standard linear algebra software. The solution gives the eigenvalues and eigenfunctions for the displacements in the waveguide. The other field quantities are computed from these using the equations of elasticity. When attenuation is present, this method computes the complex eigenvalues and eigenfunctions reliably and meets the requirements necessary for use in Equation (3).
To be able to validate the solution of the wave equation in a range-dependent waveguide overlying an elastic bottom using Equation (3), we also solved the same problem using the virtual source technique. This formulation is described in detail in [abawi (4)].
RESULTS
We applied the coupled mode model described in the previous section to propagation in a wedgeshaped ocean. The ocean environment is the elastic version of the environment used by Jensen and Kuperman [3] , in which the waveguide is composed of a 200-meter water layer for the first 5 km and then the water depth decreases to zero linearly in the next 10 km, resulting in a wedge angle of 1.15 degrees. We simulated propagation in this environment for two cases: In the first case the bottom compressional sound speed was 3000 m/s, the shear sound speed was 1800 m/s, the compressional attenuation was 0.5 dB per wavelength and the shear attenuation was 0.25 dB per wavelength. In the second case, the compressional sound speed was 1700 m/s and the shear sound speed was 700 m/s. The bottom attenuation for this case was the same as case 1. In these simulations, we used the analytic solution described by Equations (4 and 5) to compute the modes and computed the imaginary part of the eigenvalues due to attenuation using perturbation theory. The compressional and shear pressure field for both cases are shown in Figure (1) . There are three propagating modes in this problem and for case 1, where the bottom shear sound speed is larger than the water sound speed, it is clearly seen that each mode cuts off as the water depth decreases. It also demonstrates the mode-coupling phenomenon, by which modes do not suddenly cut off and transfer their energy to the next lower-order mode, but slowly transfer their energy to the entire continuous mode spectrum [JK] .
The right panel in Figure (1) shows the compressional and shear pressure fields for the case when the shear sound speed is smaller than the water sound speed. As can be seen, the field characteristics are very different. The most obvious feature is the lack of a clear presence of radiating beams into the bottom. When the shear sound speed is smaller than the water sound speed, modes join the shear mode spectrum after cut-off, which is extremely lossy. We associated the absence of radiating beams into the bottom to a loss mechanism and hypothesized that it was this mechanism, which caused modes to disappear before they had a chance to show up as radiating beams.
To be able to verify the validity of this model in general, and this hypothesis in particular, we solved a similar range-dependent problem using the virtual source technique. This technique is described in detail in [abawi (4) ]. The ocean environment was composed of a wedge, where the water sound depth decreases from 200 m to zero in 4 km, resulting in a wedge angle of 2.86 degrees. We chose to solve this problem using the virtual source technique since it was numerically less intensive due to its shorter range. Even though this problem is not the same as the problem we solved using the coupled-mode model, the two problems have the same qualitative features. The virtual source solution is shown in Figure ( 2). By comparing the results shown in Figure (1) and Figure ( 2), we observe that for the case when the shear sound speed is larger than the sound speed in the water, the two solutions have similar qualitative behavior. They both show modes cutting off and radiating into the bottom as beams. For the case with the shear sound speed smaller than the water sound speed, the two solutions are different, particularly for compressional pressure. While the virtual source solution shows beams radiating into the bottom during mode cut-off, this feature is absent in the coupled-mode solution. These differences between the two solutions suggested that we needed a better way of computing the elastic modes.
As a means of developing an accurate and reliable method for computing modes for a waveguide composed of multiple elastic layers with variable sound speed and density, we solved Equations (6, 7 and 8) using the finite difference method. The finite difference technique is capable of accurately and reliably computing the complex modes in a waveguide overlying an elastic bottom at any water depth. We used this technique to compute transmission loss in a waveguide composed of a water layer over an elastic bottom and compared the results with the those obtained using the wavenuber integration method, OASES {REF}. We first used the analytic solution; Equations (4 and 5) to compute the transmission loss for a waveguide overlaying an elastic bottom without attenuation. In this case the modes are real and they can be found by searching for the zeros of the eigenvalue equation on the kaxis. A comparison between our results and those obtained from OASES are shown in Figure ( Its only shortcoming at the moment is that is computationally slow, as it requires a very fine grid. We are currently working to improve this by using a more accurate finite differencing scheme and in parallel considering the use of finite element technique using high order basis functions.
IMPACT/APPLICATIONS
The finite difference technique that we developed to compute elastic modes for our elastic coupled mode model is capable of accurately computing modes for any combination of fluid and elastic layers. It therefore can be used by any normal mode or coupled mode propagation model to produce benchmark-quality solutions of the wave equation in elastic media.
TRANSITIONS
The primary transition for the technology developed under this project is the delivery of an accurate and reliable model for propagation of waves in a range-dependent ocean overlying an elastic bottom.
